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Single-photon characteristics of superposed weak coherent states
Seung-Woo Lee1 and Jaewan Kim2
1Quantum Universe Center, Korea Institute for Advanced Study, Seoul 02455, Korea
2School of Computational Sciences, Korea Institute for Advanced Study, Seoul 02455, Korea
We study a superposed weak coherent state that can fundamentally mimic an ideal single photon
not only with respect to the number of photons but also in terms of an indeterminate phase. It is close
to the single-photon state with almost unit fidelity as well as exhibits fundamental features of single
photons such as antibunching and Hong-Ou-Mandel interference. The emergence and vanishing of
single-photon characteristics can be directly observed by changing two parameters, i.e., mean photon
number and number of phases. Our result shows that the uncertainty between photon number and
phase indeed constitutes the characteristics of single photons. Finally, we apply the superposed
weak coherent state to quantum key distribution and demonstrate that it outperforms the typical
approach using phase-randomized weak coherent states.
I. INTRODUCTION
Single photons are ideal carriers of quantum informa-
tion and primary resources to explore quantum mechan-
ics. Quantum principles such as complementarity and the
impossibility of cloning quantum state of a single photon
[1] constitute the fundamental basis of the security of
quantum communications [2–6]. Especially, the uncer-
tainty in the measurement of two conjugate variables on
single photons is the key feature of quantum key distri-
bution (QKD) [2, 4, 5]. Moreover, their characteristics
such as antibunching and Hong-Ou-Mandel interference
[7] play a major role in implementing quantum communi-
cations [8–10]. single-photon sources have substantially
progressed [11, 12], although they are still challenging
[13].
A natural question that comes to mind is whether sin-
gle photons can be attained by attenuating lasers, e.g.,
by dividing the pulse many times via beam splitters. An
attenuated laser, however, contains more than single pho-
tons with a nonzero probability following a Poisson dis-
tribution. It can be described by a weak coherent state
(WCS), |√µeiθ〉 = e−µ/2∑∞n=0(√µeiθ)n/√n!|n〉, where
µ is the mean photon number, θ is the phase, and |n〉
is the photon number state. It indeed distributes the
uncertainty (roughly) equally between phase and ampli-
tude so that the phase is not indeterminate. Moreover, it
never exhibits the behaviors of single photons, i.e., anti-
bunching and Hong-Ou-Mandel interference. Although,
in certain applications (e.g. QKD), the multi-photon is-
sue of WCS can be circumvented by the decoy state
method [14–16], it requires a perfect random phase θ
[17]. Recent attempts to yield single-photon behaviors
from phase randomized WCS [18–21] are indirect obser-
vations through data reconstruction (but not the genuine
exhibitions) of such behaviors. Therefore, what funda-
mentally constitutes the characteristics of single photons
and how they can be modulated in the quantum optical
framework are, in fact, still obscure.
In this paper, we study an optical quantum state that
can fundamentally mimic single photons with respect to
both the number of photons and indeterminate phase.
This state, hereafter referred to as pseudo-single-photon
state (PSP), can be defined as a superposition of WCSs
equally distributed on a circle in phase space with a dis-
cretized phase 2π/d. Not only is it close to the single-
photon state with almost unit fidelity but it also exhibits
the fundamental features of single photons such as anti-
bunching and Hong-Ou-Mandel interference. Its single-
photon characteristics can be modulated with two pa-
rameters µ and d; as either µ decreases or d increases,
PSPs and their behaviors become closer to ideal single
photons. This reveals the fact that the uncertainty be-
tween the photon number and phase indeed constitutes
the characteristics of single photons. We also propose
a scheme to generate PSPs at room temperature with
fast response time employing atomic vapor in hollow-
core photonic crystal fibers [22, 23], which is feasible and
suitable for fiber-optic communication. Finally, we show
that the single-photon characteristics of PSPs allows us
to outperform the typical approach using phase random-
ized WCSs in QKD. This is a representative example
showing the quantum advantage of uncertainty over the
statistical randomization.
II. PSEUDO NUMBER STATES
We start with the definition of pseudo-number states.
In contrast to ideal photon number states having con-
tinuous random phase, we consider discretized phases
2π/d with an integer d, corresponding to equally dis-
tributed coherent states on a circle in phase space,
{|√µ〉, |√µω〉, ..., |√µωd−1〉} where ω = exp (2πi/d). We
define pseudo-number states as the maximally super-
posed states of the coherent states
|jd〉 = 1√Nµ,j
d−1∑
q=0
ω−jq|√µωq+δ〉 (1)
where j ∈ {0, 1, ..., d − 1}, and δ is the refer-
ence phase (hereafter δ = 0 unless otherwise nec-
essary). Note that it can be rewritten again by
|jd〉 = (d/
√Nµ,j)e−µ/2∑∞n∈Sj µn/2/
√
n!|n〉, where Sj =
2{n|j ≡ n(mod d)} as studied in Ref. [24–26]. The
normalization factor can be obtained as Nµ,j =∑d−1
q,q′=0 ω
j(q′−q)〈√µωq′ |√µωq〉 = d2e−µ∑∞n∈Sj µn/n!.
The coherent state on a circle is written con-
versely with the pseudo-number states as |√µωq〉 =
(1/
√
d)
∑d−1
j=0 ω
qj
√Nµ,j/d|jd〉. We can see that |jd〉 and
|√µωq〉 represent conjugate variables connected by the
number-phase uncertainty.
For large µ (in the regime
√
µ > d), |jd〉 nearly consti-
tute d-dimensional orthonormal basis [26]. As Nµ,j → d,
|jd〉 and |√µωq〉 are in the discrete Fourier transform re-
lations: |√µωl〉 = Fˆd|jd〉 and |kd〉 = Fˆ−1d |
√
µωj〉, where
Fˆd = (1/
√
d)
∑d−1
k=0
∑d−1
l=0 ω
kl|kd〉〈ld|.
On the other hand, in the small µ regime, |jd〉 can
mimic ideal number states, as they become closer to |j〉
as µ gets smaller or d increases. The fidelity between |jd〉
and |j〉 is given by
F (|j〉, |jd〉) = |〈j|jd〉|2 =
∣∣∣∣ d√Nµ,j e
−µ/2µ
j/2
√
j!
∣∣∣∣
2
. (2)
For example, the fidelity between ideal and PSP states
FPSP ≡ F (|1〉, |1d〉) = d
2e−µµ
Nµ,1 =
µ∑∞
n∈S1
µn/n!
, (3)
is plotted in Fig. 1. It shows that the fidelity approaches
to unit as µ decreases or d increases. We can analytically
see FPSP = µ/µ = 1 in the limit d→∞, and
FPSP =
µ
µ+ µ
d+1
(d+1)! +
µ2d+1
(2d+1)! + ...
→ 1 (4)
in the limit µ → 0 with finite d. We thus hereafter call
|1d〉 with arbitrarily small µ PSP state.
For the case when d = 2, the PSP becomes the so
called odd cat state [27] that is well known to approach
|1〉 when µ → 0. Note that, compared to the odd cat
states, PSPs with higher d get closer to single photons in
the wider range of µ.
We can also analyze the effects of photon losses on
PSPs. Their evolution in a lossy environment can be
evaluated by solving the master equation [28],
dρ
dt
= Jˆρ+ Lˆρ, (5)
where Jˆρ = γaˆρaˆ† and Lˆρ = −γ(aˆ†aˆρ+ρaˆ†aˆ)/2 with the
annihilation (creation) operator aˆ(aˆ†). Here, γ is the de-
cay constant, and η = e−γt is defined as the transmission
rate under loss. The pseudo-number state |jd〉 evolves
under losses into
ρj(t) =
1
Nµ,j
d−1∑
q,q′=0
ωj(q
′−q)e(ω
q−q′−1)µ(1−η)
× |√µηωq〉〈√µηωq′ |.
(6)
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FIG. 1. FPSP: the fidelities between ideal single-photon state
and PSPs, g(2)(0): the second-order correlation function of
PSPs, P11: the probabilities for detecting photons at both
outputs of beam splitter when two PSPs enter different input
modes, F2002: the fidelities between the output state of the
beam splitter and (|2〉|0〉 − |0〉|2〉)√2, by changing µ for d =
4, 8, 12.
For PSP with small µ(1− η), it can be written by
ρ1(t) =
1
Nµ,1
d−1∑
q,q′=0
ωq
′−qe(ω
q−q′−1)µ(1−η)
× |√µηωq〉〈√µηωq′ |
≈ {1− µ(1 − η)}|1′d〉〈1′d|+ µ(1− η)|0′d〉〈0′d|
(7)
where |1′d〉 and |0′d〉 are respectively the pseudo-single and
-vacuum states with an attenuated mean photon number
µ′ = µη.
III. SINGLE-PHOTON BEHAVIORS
We investigate the single-photon characteristics of
PSPs by changing d and µ:
A. Antibunching
Antibunching refers to sub-Poissonian statistics of pho-
tons [29], characterized by the second-order correlations
function
g(2)(0) =
〈a†a†aa〉
〈a†a〉2 =
〈a†aa†a〉 − 〈a†a〉
〈a†a〉2 < 1. (8)
Note that coherent states are in Poissonian statistics with
g(2)(0) = 1. The statistics with g(2)(0) > 1 is called
super-Poissonian. The second-order correlation function
of PSPs can be calculated as
g(2)(0) = Nµ,1
∑d−1
q,q′=0 ω
q′−qe(ω
q−q′−1)µ
(
∑d−1
q,q′=0 e
(ωq−q′−1)µ)2
, (9)
3for arbitrary given µ and d and plotted as in Fig. 1.
The sub-Poissonian statistics with nearly g(2)(0) = 0 are
observed in small µ region that becomes wider as d in-
creases. Note that, as µ increases, first a transition oc-
curs from sub- to super-Poissonian, and then the statis-
tics gradually become Poissonian g(2)(0) = 1. A similar
observation was reported in Ref. [30].
B. Two-photon (Hong-Ou-Mandel) interference
Assume that two PSPs, with arbitrary (µ, d, δ) and
(µ′, d′, δ′) respectively, enter different input modes of a
beam splitter. The state in the two output mode can
then be written as
|1d〉|1′d〉 BS−−→ |out〉 =
1√Nµ,1Nµ′,1
d−1∑
q=0
d−1∑
q′=0
ω−q−δd ω
−q′−δ′
d′
×
∣∣∣
√
µωq+δd +
√
µ′ωq
′+δ′
d′√
2
〉∣∣∣
√
µωq+δd −
√
µ′ωq
′+δ′
d′√
2
〉
,
(10)
where we use subscript in ωd = exp(2πi/d) to distin-
guish different d. The probability for detecting pho-
tons at both output modes, P11, can be calculated by
P11(µ, d, δ|µ′, d′, δ′) =
〈
out
∣∣(1−|0〉〈0|)⊗(1−|0〉〈|0|)∣∣out〉.
The fidelity between the state in output modes and
(|2〉|0〉−|0〉|2〉)/√2, referred to as F2002, is also calculated
by F2002(µ, d, δ|µ′, d′, δ′) =
∣∣〈out|(|2〉|0〉 − |0〉|2〉)/√2∣∣2.
We first analyze the case when two identical PSPs enter
the input modes, i.e. µ = µ′, d = d′, and δ = δ′ = 0,
and plot P11 and F2002 by changing µ with different d in
Fig. 1. We can see that two-photon interference occurs
and becomes more evident with increasing d or decreasing
µ. This is stark contrast to phase randomized WCSs that
cannot exhibit such an interference even with µ → 0.
Compared to odd cat states (PSP with d = 2) whose
F2002 is close to 1 only with µ → 0, PSPs with higher d
(for example, with d = 8) show clear interference with a
wider range of µ (µ . 2) as shown in Fig. 1.
In general, two different PSPs (with different µ, d,
or δ) can exhibit two-photon interference that becomes
clearer as the overall mean photon number decreases or
the overall number of phases increases. Note that the
maximum interference can be observed between the same
PSPs when the overall number of photons and phases are
fixed. This manifests the fact that maximum interference
occurs between the most indistinguishable PSPs.
IV. A GENERATION SCHEME
Let us consider an exemplary scheme to generate PSPs
using a cross-phase modulation technique.
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FIG. 2. (a) Left: Cross-phase modulation with 85Rb vapor
filled HC-PCF can be used as a platform for generating PSPs.
Right: 85Rb energy level. (b) Discrimination of PSP from
other pseudo-number states by photon on-off detectors. The
event in which only the upper detector clicks guarantees the
generation of a PSP in output mode 1, referred to as a trig-
gered event.
A. Cross-phase modulation with atomic vapor in a
hollow-core photonic crystal fiber
We first consider a feasible scheme of cross-phase mod-
ulation, aiming to apply for generating PSPs: Atomic
vapor filled in hollow-core photonic crystal fiber (HC-
PCF) is an efficient platform for photon-level quantum
processors [22, 23, 31–35] such as cross-phase modula-
tion [22, 23], all-optical switches [31, 32], and quantum
memories [34].
Particularly, cross-phase modulation has been realized
with rubidium (Rb) atoms confined in HC-PCF [22, 23].
The energy level of 85Rb illustrated in Fig. 2(a) is the
basis of the nonlinear interaction. A weak laser (780.2
nm) in mode 1 tuned closely to the 5S1/2 → 5P3/2 tran-
sition induces a phase shift on a stronger laser (776 nm)
in mode 2 tuned closely to the 5P3/2 → 5D5/2 transition.
This nonlinear interaction can be characterized with
the 3rd-order susceptibility χ(3) ≈ (Nd1d2)/(ǫ0~3∆21∆2),
where N is the atomic number density, d1 and d2 are
the transition dipole moments for 5S1/2 → 5P3/2 and
5P3/2 → 5D5/2, respectively. The induced phase shift in
mode 1 can be given by φ1 ∼ (k1n2P2L)/A with optimal
detuning ∆1 ≈ ∆2, where k1 is the wavenumber in mode
1, n2 is the nonlinear refractive index, P2 is the power of
the beam in mode 2, L is the length of the vapor-filled
fiber, and A is the optical mode area.
Exemplary schemes with detailed descriptions are in
Ref. [22, 23], which achieved the cross-phase shift up to
0.3 mrad per photon with fast response time (< 5 ns)
and low absorption (< 1% ) at room temperature [22].
Moreover, cross-phase shift up to π has been also demon-
strated (e.g. with P2 ≈ 25µW), as φ1 is proportional to
P2 (in the case without atomic saturation) [23]. Note that
the shifted phase is guaranteed not to be induced from
self-Kerr effects within this approach [22, 23]. Further
improvements are expected by reducing the core diame-
ter, increasing the atomic density, and extending L. It is
suitable for the integration with fiber-optic communica-
tion network.
4B. Generating PSPs
Suppose that coherent states |√µ〉1|√ν〉2 go through
the two modes (1 for signal 2 for meter) of atomic vapor in
HC-PCF illustrated in Fig. 2(a). The interaction Hamil-
tonian can be written by −~χ(3)nˆ1nˆ2 for time t with the
number operator nˆi in ith mode. We assume that µ is
small, while ν is large enough such that
√
ν & 2π/χ(3)t.
Without loss of the generality, we set d ≡ 2π/χ(3)t as an
integer ≥ 2, which is tunable by changing e.g. the atomic
density or length of HC-PCF. The state in the output
modes is then written by
e
2pii
d
nˆ1nˆ2 |√µ〉1|
√
ν〉2
= e
2pii
d
nˆ1nˆ2
( 1√
d
d−1∑
j=0
√
Nµ,j
d
|jd〉
)
1
( 1√
d
d−1∑
k=0
|kd〉
)
2
=
1√
d
d−1∑
j=0
√
Nµ,j
d
|jd〉1
( 1√
d
d−1∑
k=0
ωjk|kd〉
)
2
=
d−1∑
j=0
√Nµ,j
d
|jd〉1|
√
νωj〉2.
(11)
A phase detection in mode 2 can identify |jd〉 in mode 1:
(i) We can first consider a perfect discrimination of |jd〉
by an ideal discrimination of the phase (i.e. j) in mode 2.
With the choice of
√
ν > d, as the overlap between the
coherent states |√νωj〉 with different j on a circle can be
negligible, one can consider heterodyne measurements to
fully discriminate j ∈ {0, 1, ..., d−1}. From Eq. (11), the
probability of the generation of |jd〉 is given by
Pµ,j =
Nµ,j
d2
= e−µ
∞∑
n∈Sj
µn
n!
. (12)
(ii) An alternative scheme to distinguish |1d〉 only from
|j(6= 1)d〉 is illustrated in Fig. 2 (b) by using on-off de-
tectors. Suppose that the state in mode 2 of Eq. (11)
enters an input mode of the 50:50 beam splitter in Fig. 2
(b), where |√νω〉 enters the other input mode. As the
beam splitter changes |√νω〉|√νω〉 → |√2νω〉|0〉, the
event when only the upper detector clicks guarantees that
the output state in mode 1 is |1d〉, which we treat as a
triggered event (others are non-triggered events). The
probability of a triggered event is
η
(t)
ν,j =
∣∣∣〈0|√ηdetν(ωj−ω)/√2〉
∣∣∣2 = exp[−ηdetν|ωj−ω|2/4],
(13)
where ηdet is the detector efficiency, and the dark count
is assumed to be negligible. The probability of the non-
triggered event is η
(nt)
ν,j = 1−η(t)ν,j . Note that η(t)ν,1 = 1 and
η
(nt)
ν,1 = 0. On the other hand, η
(t)
ν,j 6=1 tends to decrease as
ν or ηa increases, while it increases as d increases. Note
that low ηdet can be compensated with the choice of large
ν.
V. APPLICATION TO SECURE QUANTUM
COMMUNICATIONS
As PSPs can be directly applied to elementary quan-
tum tasks, the tunable single-photon characteristics of
PSPs with µ and d can enrich the potential use in var-
ious quantum applications. However, here, we particu-
larly consider a representative example showing the ad-
vantage of the single-photon characteristics from phase
uncertainty: QKD with PSPs.
A. Bennett-Brassard 84 protocol
Let us consider an implementation of the Bennett-
Brassard 1984 (BB84) QKD protocol [2] with PSPs. As-
sume that Alice wants to share a secret key with Bob.
For this, Alice transmits quantum signals to Bob, encod-
ing a logical bit (0 and 1) in one of two conjugated bases
(X and Y ). Alice and Bob can detect any eavesdropper
(Eve) attempting to collect the key information as such
an activity causes a disturbance so that they can reject
the key. Figure 3 shows the schematics of the encoding
and decoding setups for the QKD with PSPs.
Assume that |jd〉 with mean photon number 2µ is pre-
pared on Alice’s side and enters a phase encoding setup
with a Mach-Zehnder interferometer in Fig. 3(a). It
is separated by the first 50:50 beam splitter into sig-
nal and reference pulses, and the phase modulator en-
codes φ ∈ {0, π/2, π, 3π/4} into their relative phase. Two
pulses are recombined at the output of the interferometer
as
|Φj,φ〉 = 1√N2µ,j
d−1∑
q=0
ω−jq|√µωq〉r|√µωq+k〉s, (14)
where the subscript s(r) denotes the signal(reference)
mode, and k = φd/2π denotes the rotated phase for
encoding. Notably, the randomness of the reference
(a) (b)
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FIG. 3. (a) Schematic of the phase encoding QKD scheme on
Alice’s side with a Mach-Zehnder interferometer: |jd〉 is sepa-
rated into signal and reference pulses by a 50:50 beam splitter.
A phase modulator (PM) encodes φ ∈ {0, pi/2, pi, 3pi/4} into
the relative phase between signal and reference pulses. The
two pulses are recombined at the output. (b) X or Y basis
measurement is performed on Bob’s side with a 50:50 beam
splitter and photon on-off detectors. The beam splitter is
modified such that |α〉|β〉 → |(α + β)/√2〉|(α − β)/√2〉 for
the X basis measurement and |α〉|β〉 → |(α + iβ)/√2〉|(α −
iβ)/
√
2〉 for the Y basis measurement.
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FIG. 4. The basis indistinguishabilities (between X and Y
basis) are plotted by changing µ for d = 4, 8. The solid lines
denotes the basis indistinguishabilities for |1d〉, while the dot-
ted lines are for |0d〉.
phase is guaranteed by the superposition of the states
|√µωq〉 with q ∈ {0, ..., d − 1}. This is contrast to the
conventional QKD encoding using WCS in the form of
|√µωq〉r|√µωq+k〉s, which requires an additional pro-
cess for the phase randomization with an active phase
modulator and a random number generator [36]. The
signal pulse is thus encoded in either X or Y basis,
i.e, {|0x〉j , |1x〉j} = {|Φj,0〉, |Φj,pi〉} or {|0y〉j , |1y〉j} =
{|Φj,pi/2〉, |Φj,3pi/4〉}.
On Bob’s side, a measurement is performed either in
X or Y basis as illustrated in Fig. 3(b). For X-basis
measurement, the reference and signal states enter the
input modes of a beam splitter such that
|0x〉j = 1√N2µ,j
d−1∑
q=0
ω−jq|√µωq〉r|√µωq〉s → |jd〉|0〉
|1x〉j = 1√N2µ,j
d−1∑
q=0
ω−jq|√µωq〉r| − √µωq〉s → |0〉|jd〉.
Thus, two logical encodings (either 0 or 1) can be discrim-
inated by performing photon on-off detection at the two
output modes. Similarly for the Y -basis measurement,
two logical encoding can also be discriminated with a
modulated beam splitter accordingly.
An essential requirement to guarantee the security of
the BB84 protocol is the basis indistinguishability so that
Eve cannot distinguish the logical states encoded in two
conjugate (X and Y ) bases. The basis indistinguisha-
bility can be investigated by the fidelity Fj(ρx, ρy) be-
tween two mixed states, ρx = |0x〉j〈0x| + |1x〉j〈1x| and
ρy = |0y〉j〈0y|+|1y〉j〈1y| (the coefficient is omitted). Fol-
lowing the procedure in Ref. [36], its minimum limit can
be obtained as
Fj(ρx, ρy) ≥
d
∣∣∑d−1
q=0 ω
jqe−2µ+µω
−q
(eiµω
−q
+ ie−iµω
−q
)
∣∣
√
2N2µ,j
.
(15)
which is plotted in Fig. 4 for |0d〉 and |1d〉 by changing µ
and d. It shows that the encoded logical states in the two
bases are more indistinguishable as d increases or µ gets
smaller. From the fact that X and Y basis encodings
are indistinguishable both in |0d〉 and |1d〉 in the small-µ
regime, we can see that a photon loss in the PSP is not
significantly detrimental to the security of QKD.
B. Key generation rate
We analyze the key generation rate of QKD with PSPs.
For WCSs, the key generation rate can be estimated
based on the Gottesman-Lo-Lu¨tkenhaus-Preskill security
analysis [37] as,
R ≥ −fQµH(Eµ) +QµΩ
[
1−H(Eµ/Ω)
]
, (16)
where Qµ and Eµ are the overall gain and quantum bit
error rate (QBER), respectively, for a given mean photon
number µ of the signal state. Here, f is the error correc-
tion efficiency, H(p) = −p log2 p−(1−p) log2(1−p) is the
binary Shannon entropy function, and Ω is the fraction
of Bob’s detection orginating from single-photon signal
emitted from Alice. We make here the pessimistic as-
sumption that all errors come from single-photon states
in the signal. For the non-decoy method, the fraction
is estimated to be Ω = (Qµ − Pmulti)/Qµ, where Pmulti
denotes the probability of Alice’s emitting a multi pho-
ton state as signal. On the other hand, by using the
decoy state method [14–16], the second term in Eq. (16)
is replaced with Q1[1 − H(e1)], where Q1 = Y1µe−µ is
the gain of the single-photon component, Yn and en are
the yield and QBER of a given photon number n re-
spectively, and µe−µ is the probability of generating a
single-photon state in the Poission distribution. From the
underlying assumption of the decoy state method [15],
i.e. Yn(decoy) = Yn(signal) and en(decoy) = en(signal),
Alice can vary µ for each signal. The variable Yn and
en can be deduced with the experimentally measured Qµ
and Eµ. Therefore, in the decoy state method, Alice can
pick up the mean photon number as µ = O(1) so that
the key rate is obtained as O(η) where η is the overall
transmission probability. On the other hand, the opti-
mal µ for the non-decoy method is µ = O(η) yielding the
key rate R = O(η2). As a result, the decoy method can
substantially improve the key generation rate.
Let us estimate the key generation rate with PSPs.
Suppose that Alice prepares a setup for generating |jd〉
with probability Pj in Eq. (12). The transmission proba-
bility of a single-photon state through an optical fiber
is η = 10−0.21L/10ηBob with distance L and the ef-
ficiency of transmission and detection on Bob’s side
ηBob. The transmission probability for n-photon sig-
nals is ηn = 1 − (1 − η)n. The yield is given by Yn =
ηn+Y0−ηnY0 = 1−(1−Y0)(1−η)n where Y0 is the dark
count rate. The total gain and QBER are then obtained
as Qµ = Y0 +
∑d−1
j=0
∑∞
n∈Sj
{1 − (1 − η)n}e−µµn/n! =
6Y0 + 1 − e−ηµ and QµEµ = e0Y0 + edet(1 − e−ηµ), re-
spectively, where edet is the detection error rate. For the
non-decoy method, the key generation rate of our scheme
can be estimated by Eq. (16) with
Pmulti =
d−1∑
j=2
Pµ,j = e
−µ
d−1∑
j=2
∞∑
n∈Sj
µn
n!
. (17)
If |jd〉 is identified with a measurement discriminating
j on Alice’s side, we can employ decoy state methods:
(i) For the case when j can be fully identified by
e.g. heterodyne measurements with the choice of
√
ν > d,
it is possible for Alice and Bob to follow the passive de-
coy state method [38–40]. One additional thing we should
take care of is the fact that pseudo-number states have
discrete phases so that the encoding with two bases X
and Y are not perfectly indistinguishable. The key gen-
eration rate is then estimated as
R ≥ P1Y1
[
1− fH(eb1)−H(ep1)
]
, (18)
with the pessimistic assumption that all errors occur with
|1d〉. Here, ∆j = (1 − Fj)/2Yj is defined as the basis
dependence with the fidelity in Eq. (15), and the bit and
phase error rates are given respectively by [17] ebj = (e0−
edet)(Y0/Yj)+ edet and e
p
j ≤ ebj +4∆j(1−∆j)(1− 2ebj)+
4(1− 2∆j)
√
∆j(1−∆j)ebj(1 − ebj).
(ii) We then consider the case when only PSPs can be
discriminated from |j(6= 1)d〉, e.g., by inefficient on-off de-
tectors as illustrated in Fig. 2(b). The gains and QBERs
for triggered and non-triggered events are written by
Q(t)µ =
d−1∑
j=0
Q
(t)
µ,ν,j , E
(t)
µ Q
(t)
µ =
d−1∑
j=0
Q
(t)
µ,ν,jej ,
Q(nt)µ =
d−1∑
j=0
Q
(nt)
µ,ν,j , E
(nt)
µ Q
(nt)
µ =
d−1∑
j=0
Q
(nt)
µ,ν,jej .
(19)
We define the total ratio r ≡ Q(t)µ /Q(nt)µ and the ratio for
j 6= 1 as rν,j 6=1 ≡ Q(t)µ,ν,j/Q(nt)µ,ν,j = η(t)ν,j/η(nt)ν,j , which are
experimentally known parameters from Eq. (13). From
the fact that rν,2 ≥ rν,j≥2 and rν,2 = rν,0, we can see that
Q
(t)
µ,ν,j ≤ rν,0Q(nt)µ,ν,j is always satisfied for j ≥ 2, which
can be rewritten by Q
(t)
µ −Q(t)µ,ν,0 −Q(t)µ,ν,1 ≤ rν,0(Q(nt)µ −
Q
(nt)
µ,ν,0). Since its left side is equal to rQ
(nt)
µ −rν,0Q(nt)µ,ν,0−
Q
(t)
µ,ν,1, we arrive atQ
(t)
µ,ν,1 ≥ (r−rν,0)Q(nt)µ . The maximal
QBER is also obtained as
eb1 ≤
E
(t)
µ Q
(t)
µ − e0Q(t)µ,ν,0
Q
(t)
µ,ν,1
=
rE
(t)
µ Q
(nt)
µ − e0rν,0Q(nt)µ,ν,0
Q
(t)
µ,ν,1
≤ rE
(t)
µ Q
(nt)
µ
Q
(t)
µ,ν,1
.
(20)
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FIG. 5. The key generation rate of BB84 with PSPs. The
thick solid lines are obtained when j is fully discriminated,
while the dotted lines are for the case when only PSP is dis-
criminated by on-off detectors. The dashed line is obtained
using phase randomized WCS. For our simulation, the experi-
mental parameters in Ref. [41] are used: f = 1.16, ηdet = 0.12,
ηBob = 0.045, Y0 = 1.7 × 10−6 and edet = 0.033. The mean
photon number in the signal is optimized as µ = 1.0, 0.45, 0.08
for d = 36, 8, 4, respectively.
As a result, the key generation rate can be estimated by
R ≥ −fQ(t)µ H(E(t)µ ) + min
{
Q
(t)
µ,ν,1
[
1−H(ep1)
]}
. (21)
The key generation rates obtained by our scheme are
plotted in Fig. 5. Figure 5 shows that higher key gener-
ation rates can be achieved with PSPs over longer dis-
tances than a typical approach using phase randomized
WCSs. For example, PSPs with d ≥ 8 allow us to ob-
tain higher key generation rate than an active decoy state
method using phase randomized WCSs, with photon de-
tectors with low efficiencies (ηdet = 0.12) as shown in
Fig. 5. We also note that QKD with PSPs does not re-
quire active phase modulation or a random number gen-
erator, which can be possible security loopholes with de-
vice imperfections. However, this result is obtained un-
der the assumption of a fast response time of the PSP
generator (as described in Sec. IV). Therefore, the major
challenge for the application of PSP to QKD is efficient
generation of PSPs.
VI. REMARKS
We have studied the single-photon characteristics of
a superposed weak coherent state. This state, referred
to as pseudo-single-photon state, mimics single photons
with respect to both the number of photons and indeter-
minate phase. Not only is it close to the single-photon
state with high fidelity but it also exhibits the funda-
mental behaviors of single photons such as antibunching
and Hong-Ou-Mandel interference. The strength of the
single-photon characteristics can be modulated by chang-
ing either the mean photon number µ or the number of
7phase d. This is in contrast to WCSs, which never ex-
hibit such behaviors. Our result shows that the uncer-
tainty between the number and phase indeed constitutes
the fundamental characteristics of single photons.
We have also presented a scheme to generate PSPs
by employing, although not limited to, atomic vapor
in HC-PCF [22, 23, 31–35], which enables cross-phase
modulation at room temperature with a fast response
time. Despite recent progress in cross-phase modula-
tion techniques in various systems [42–48], they were
mostly aimed at implementing quantum non-destructive
measurements [49] or two-qubit gate operations [50, 51],
which are still demanding due to the requirement of ei-
ther a strong nonlinearity or additional schemes with pre-
cise controls [52]. By contrast, a weak nonlinearity along
with source or detector imperfections would suffice to im-
plement our scheme.
We have finally demonstrated that a QKD implemen-
tation with PSPs achieves higher key generation rates
over longer distances than the typical QKD with phase
randomized WCSs. This is a representative example
showing the quantum advantage of quantum uncertainty
over statistical randomization.
Our work not only provides a fundamental understand-
ing of single-photon characteristics but also opens an effi-
cient way to explore them by modulating their strength.
The tunable characteristics of PSPs may possibly enrich
their potential applications. Exploring further funda-
mentals and applications of PSPs would be the next step
of research.
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